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Chapter One: General Background

In this chapter, we will be introducing the basic concepts necessary to understand
composition operators and how they work. Our composition operators will act on a Hilbert
space, specifically the Hardy space. We will begin with a discussion what a Hilbert space
is, and what its properties are.

Section One: Hilbert Spaces

You will recall that in Euclidean 3-space the angle between two vectors can be mea-
sured using their dot (or inner) product. In this section, we will introduce a more abstract
notion of an inner product, and show how this idea can be used to add “Hilbert space”
structure to a vector space. Many useful functions in the sciences have a Hilbert space as
their natural domain. We will begin by defining an inner product on any complex vector
space. We will also introduce the concept of the norm of a vector, which, as in the R case,
can be interpreted as the length of a vector, and prove the Cauchy-Schwarz inequality for
inner product spaces.

Definition 1.1: An inner producton a complex vector space V is a function ¢ : VXV — C
such that for f, f1,f2,9 € V, a;,as € C:

1) p(a1fi + a2 f2,9) = a1¢(f1,9) + a2¢(f2,9);

2) ¢(g,f) = ¢(f,9) (where ¢(f,g) is the complex conjugate of ¢(f, g)); and
3) o(f,f) 20, and ¢(f, f) =0 if and only if f = 0.

Note that from 1) and 2), one can deduce that ¢(g, a1 fi + @2 f2) = a1¢(g, f1) + az¢(g, f2)
in the following manner:

¢(g9,a1f1 + a2 f2) = p(a1fr + a2 f2, 9)

= a19(f1,9) + a29(f2,9)
= a1p(g, f1) + a2(g, f2).

Thus, the inner product is linear in the first coordinate variable, and conjugate linear in
the second. Common notation for the inner product of two elements f and g is (f, g).

Definition 1.2: An inner product space is a vector space with an inner product.

Definition 1.3: A norm on a vector space X is a function ¢ : X — [0, 00) such that:
1) ¥(f) =0 if and only if f = 0;

2) Y(Af) = |A\l¥(f); and
3) ¥(f +9) <¥(f)+ ¥(9)



The norm of a vector f is commonly denoted ||f||. For R3, the function ¢ : R3 — [0, c0)
such that 9¥(z,y, z) = \/z2 + y2 + 22 is a norm. The following inequality will help us see

that for an inner product space X, the function 7 : X — [0,00) such that 7(f) = \/(f, f)
is a norm.

Theorem 1.4: (The Cauchy-Schwarz Inequality): If f and g are in the inner product

space X, then
(£, 9)| < T(f)7(9),
where 7 : X — [0, 00) is given by 7(h) = /(h,h).

Proof: Let f and g be in an inner product space V such that (f, f) = (g,g9) = 1. Choose
6 such that e**(f, g) = |(f,g)|- Then

0<(ef —g,ef — g) = —2Re(e*’f, g) +2
Thus, because Re(e* f, g) = Re(e**(f, g)) = |(f, g)|, we have
(£, 9l < 1=7(f)7(9),

as desired. Now, let a and b be two arbitrary vectors in X. If either a = 0 or b = 0, then
the inequality is trivially true (both sides are 0). If a and b are both non-zero, then

a a b b
@@ = e ) T
so that ;
a
>l s
a,0)|
~ (a)r()’

and thus we have,

|(a,b)| < 7(a)7(b).

Proposition 1.5: For any inner product space X, the function 7 : X — [0, 00) defined by

7(f) = /(f, f) is a norm.

Proof: We will show 7 satisfies each of the requirements in the definition of norm.

1) For f =0, 7(f) = \/(O 0) =0. If 7(f) = 0, then (f, f) = 0, and, by the definition of
inner product, f =

3; T(\f) = \/(/\f,/\f VAL, 1) = NV ) = DI (f
T(f+9)=V(f+9,f+9)
= V{f, )+ (9,9) + 2Re(f, g)
<V F) + (9, 9) +2/(f, )|
< V()2 +7(9)% + 27(£)7(9)
=7(f) +7(9)
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The last inequality follows from that of Cauchy-Schwarz.

Thus, 7 is a norm and in the remaining text, when f is in an inner product space,
|| £l will denote \/(f, f). The Cauchy-Schwarz inequality can now be rewritten:

£, < 11 £Nlllgll-

Definition 1.6: A metric on a complex vector space X is a function p: X x X — [0,00)
such that:
1) p(f,9) = 0if and only if f = g;

2) p(f,9) = p(g, f); and
3) p(f,h) < p(f,9)+ p(g,h).

The metric measures the “distance” from one vector to another. Note that item 3) is the
familiar triangle inequality, so named because in R? with the usual Euclidean metric, it
says that the length of the any side of a given triangle is less than the sum of the lengths
of the two other sides. In a normed vector space, it is easy to verify that p(f,g) = ||f —¢||
is a metric. Thus, any norm induces a metric, and therefore any inner product induces a
metric via its associated norm.

Definition 1.7: A Huilbert space is a complex-linear, inner-product space which is complete
in the metric induced by the inner product.

Recall that complete means that any Cauchy sequence in the space converges to a
vector in the space. A Hilbert space is thus an abstraction of R3. The inner product of
two vectors is analogous to the “dot product” or “scalar product”, and the norm of any
vector is simply the “distance” to the origin.

Examples 1.8: Some other common examples of a Hilbert space are:
1) The set of complex numbers C, with an inner product:

(a+ bi,c+ di) = (a + bi)(c+ di).

2) The set C™ of vectors with n complex entries, , with inner product (for (a(k))?Z, €
C"):

n-—1

((a(k)), (b(K))) = Y a(k)b(k).

k=0

That this is an inner product is an exercise left to the interested reader.
3) The space [2, of all sequences (f(n))S%, of complex numbers such that:

Y If ()P < oo,
n=0
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with inner product:
oo

((a(n)), (b(n))) = > a(n)b(n),
n=0
is a Hilbert space, as shown below.

4) For U the open unit disk centered at the origin, the Hardy space, denoted H?, is
the set of all complex analytic functions on U whose Taylor expansions about zero
have coefficients that are 12 sequences. Thus an analytic function f : U — C given
by f(z) = Y22, f(n)z™ is in H? provided Y .- |f(n)|> < oo (here we have used
f (n) to denote the nt® taylor coefficent of f in its expansion about zero, so that
f(n) = 1%91) The inner product of f and g in H? is:

Zf )g(m).

n=0

As the reader has surely noticed, H? and /2 are essentially the same Hilbert space:
the mapping > o~ f Zn)z" - ( f (n)) is a vector space isomorphism of H? onto [ that
preserves the inner product.

5) From quantum physics, the space of the wave functions for all states of a given particle
with a given energy is an inner product space. Clearly it is a vector space. With
inner product (pg, pr') = f_°°°o ok (z)pr (z)dz, this space meets the requirements for
a Hilbert space.

Theorem 1.9: The space [2 is a Hilbert space.

Proof : Note that /2 is a complex-linear vector space because if f and g are in 2, then
|(f + 9)(n)|? < 2|f(n)]® + 2|g(n)|? for each n, and thus f + g is an % sequence.

Now we shall demonstrate that {2 has the other properties of a Hilbert space. Let N
be a positive integer. Define Fy and Gy for f,g € 12 as Fx = (|£(0)|,|f (1), ..., | F(NV)]),
and Gy = (|g(0)],|g(1)], ..., |9(N)|). Note that these are elements of C¥+!. Then, using
the inner product for CN*! defined above, as well as the Cauchy-Schwarz inequality, we
see that:

N
> If(n)g(n)] = |(Fn,Gn)

n=0
< "FN””GN"
(Zlf #)* (Z lg(m}?)”
n=0
< || fllezllglls=-

Thus, the series 3o o f(n)g(n) converges absolutely, and therefore ¢ defined on I2 x I by
¢(a(n),b(n)) = Y anb, is a well defined function, which takes on values in C. Showing
that the ¢ satisfies the definition of an inner product follows readily, and is left to the
reader as an exercise.



Now we must establish that {2 is complete. Suppose (fx)$2, is a Cauchy sequence in
[2, meaning that for each € > 0, there exists a non-negative integer m such that for all
i > j > m,||fi — fjll <e. Then, for each non-negative integer n, we have

|fi(n) = fi(n)| < |1fi = fillie,

so that (fx(n))%, is a Cauchy sequence in C for all n. Since C is complete, (fx(n)),
converges, and we may define the function F from the non-negative integers to C by
F(n) = limg o fr(n). We now claim that lim(fi) = F. We must show two things about
F: first that F is in 12, and second that limg—o ||F — filliz = 0. As (fx)52, is a Cauchy
sequence, it is bounded in the % norm; that is, there exists a real number M such that for
all k, || fx|liz < M. Let P be a non-negative integer; for any integer K,

\szle(n)l? < \ ZlF \JZUK

n=0 n=0 n=0

< Z |F(n (n)]? + M.
\ n=0
Because limg_, o En:O |F(n) — fx(n)]> = 0 (by definition of F), F is in [2 (because
Zn___o |F(n)|? < M for all P).

We will now show that fx converges to F. Given € > 0, choose a non-negative real
number R such that k,j > R implies ||fx — f;|| < €. Then for £ > R, and any Q in the
non-negative integers, we have

Q
Y IF(n) = fu(n)? hmZm(n (n)?* < €&,

n=0 n=0

and the inequality holds because for every j > R, ZS:O |fi(n) = fr(n)]? < |Ifi(n) —
fr(n)||> < €2. Then, since Q is arbitrary, |F — fi||;> < € for any k > R, and therefore I2
is complete.

Definition 1.10: An orthonormal basis of a Hilbert space H is an orthonormal subset of
H such that H is the closed linear span of the set.

Recall the set {f, : @ € A} of vectors in H is orthonormal provided || f,]| = 1 for all
a € A, and (fg, fy) =0 for 8,7 € A, and 8 # . Also recall that the linear span of a set
is the set of all finite linear combinations of the elements of the set. Thus a vector g € H
is in the closed linear span of {f, : @ € A} if and only if g = limn_00 3 g @k far, Where
ar € A and a; € C for all integers k.

Definition 1.11: The dimension of a Hilbert space H, denoted dim H, is the cardinality

of any orthonormal basis of H. (It can be shown that any two orthonormal bases of a
Hilbert space have the same cardinality [3, Theorem 3.30].)
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Recall that two sets have the same cardinality if there is a bijection between them.
Note that dim C™ is n, and dim 2 is ¥y, the cardinality of the natural numbers. (For
example, a basis of /2 is {(1,0,0,...),(0,1,0,0,...),...}.)

Recall also from linear algebra that, given any closed subspace M of the vector space
R"™, any element of R™ can be expressed as the sum of a vector in M and a vector
orthogonal to everything in M. The same is true for Hilbert spaces.

Theorem 1.12: If M is a closed subspace of the Hilbert space H, and f is a vector in
H, then there exist unique vectors g in M, and h in the set of vectors perpendicular to M
such that f = g+ h.

The proof of this theorem can be found in Banach Algebra Techniques in Operator
Theory by R. G. Douglas [3, Theorem 3.21].



Section Two: The Hardy Space

In the previous section, we defined the Hardy space H2. In this chapter we will explore
some of its properties in preparation for our study of composition operators.
The inner product on the Hardy space, as discussed in the last section, is

(90 =3 Fm)5m
n=0

where f (n) is the nt* Taylor coefficient of f for the series centered at zero. The norm
induced by this inner product is

W=

HE (Z Fm)?)*.

Examples 1.13: The following are some examples of elements of the Hardy space.
1) f(z) = 22, or any polynomial in z, is clearly in H?.
2) f(z)=€* =322, 2" isin H?, as () is an [? sequence.

3) Any bounded, analytic function on U is an element of the Hardy space. (See Theorem
1.15 below.)

4) Log(l—2)=3Y 22 ,(- l)T"1 12" isin H?, even though it is not bounded on U, as (1)

n=
is an 12 sequence.

5) Any function of the form f(z) = (1 —2)7?, is in H2, for 0 < p < 3. (See Theorem
1.17 below.)

Another method of computing the norm of a function in the Hardy space is presented
in the following theorem.

Theorem 1.14: For f analytic on U,

S (m)P = lim i 7| f(re)2as.

oo r—1- 27

Proof: First, note that if both sides of the equation are infinite, the equality holds. Now
let 7 € R be such that 0 < r < 1. If 3% | f(n)|? < oo, then:

.o N )
g [, 1 ey Pan = 2 [T fgrtens S Ty
= 3 7

=
<Y limP.

3
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Because the power series representing f converges uniformly on the circle of radius r, it
follows upon letting n — oo that

1 2n

10\|2 — = 2k| £ 2
ar ), el do-kgr |£(k)

<Y I

n=0

The equality in the expression above shows
T i/%lf(re“’)lde
2 0

is increasing in r. Thus, lim,_,;- 5- = 0 ™| f(re*)|?df exists and is less than or equal to

£, Fm)P. | -
If lim, ;- o 02"|f('r'e‘9)|2d0 is finite, then lim,_,;- Y peo 72¥|f(k)|? is finite. (Note
we did not use finiteness of 322 | f(n)[? to prove - fo% |f(re?®)[2d = o2, r2*| f(K)[2.)

Fix n € Z, then
I\, 2k ‘k 2
§:|f( = tm Y (0)

k=0
N i6y|2
< lim — | f(re*”)|“d6.
T Jo

r—1-

Thus, because n is arbitrary, lim, ;- 5= 02" |f(re*)|2d0 > > 3=, |/ (k)|?, and the theorem
follows.

This theorem can be readily used to prove items 3) and 5) above.
Theorem 1.15: Any bounded, analytic function on U is an element of the Hardy space.

Proof: Let g be an analytic function on U such that for all z € U, |g(z)| < M for some
M € R. Then

1 27 9 1 27 9 2
lim — lg(re*®)|2do < hm—— M*do = M~,

r—1- 27 r—1- 0
and thus Y 72 |3(k)|? < M? < oo and g is in H2.
Before proving the second of these two items, we will need the following lemma.
Lemma 1.16: For 6 in the interval [—Z, Z], |sin 6] > |§|.

Proof: By the mean-value theorem, there exists ¢ between 0 and 6 such that |sin 6 —
sin 0| = |fcos c| > |§|. Thus, |sin 8] > ||.



Theorem 1.17: Any function of the form h(z) = (1 — z)7P, is in H?, for p < %

Proof: Let h and p be as above. Then,

in

1 [ 1 1 1 1 [7 1
— ——df < — . df + — ——d¥
27r/0 1 —re“’lzl’d ~ 2w /141 [Im(1 — re®f)|2P T 271'/ |1 —retf|2p

&
4

INE]

x

ir
< — |(rsin 6)7P| d0+/ | —=|"“Pd6
2T 14; x \/§

4
1 [ 1
< p—1 4 _— S S——
< 3m27 T+ 27 J_x/4 |rsin 6?7
1 [t
< p—1l 4 - e
< 372 + 27 Jn /s r6/22

e,
which is clearly finite because 2p < 1. Thus, h(z) = (1 — z)~? is in H2.

Theorem 1.18: For any a € U, there exists an element k, of the Hardy space, which,
for any f in H? has the following property:

(frka) = f(a).

Proof: Let a be in U, and let k, be defined on U as follows:

kalz) = P

Note ko = Y peo(@2)F is in H?, as o is in U. Clearly (f,ka) = Y 1ep f(k)ek = f(a).

The function k, is called the reproducing kernel for H? at «, and can be used to obtain
a growth estimate for any element of the Hardy space.

Corollary 1.19: For f € H? and a € C,

f
|f(a)] < ——“—”—l
(1- [a?)?
Proof: Using the Cauchy-Schwarz equality and k, as defined above:
[l
a)| = |(f,ka)| < kall| = — -
£l = K kadl < WAkl = =



Section Three: Linear Operators

Definition 1.20: For vector spaces X and Y over the field F, a linear operator from X
to Y is a function A : X — Y such that A(a;z; + a2z2) = aaA(z1) + agA(zz) for all
aj,ap € F and z,,z5 € X.

Recall that, for all linear functions S, S(0) = 0. We will say an operator from a vector
space X to X is an operator on X.

Examples 1.21: The following are some examples of linear operators on vector spaces:

1) Multiplication by a 3 x 3 matrix is a linear operation on R3.
2) The identity operator, I, is linear on any vector space.

3) For linear operators S and T': X — Y, any linear combination of S and T is a linear
operator.

4) In R3, rotation about any axis through 0, by say 30°, is a linear operation. (Of course
this operation is equivalent to multiplication by a 3 X 3 matrix, and is represented in
example 1).)

5) For any sequence a = (a(0),a(1),...) in {2, let V : 2 = [? be defined by V(a) =
(a(1),a(2),a(3),...). (That is, remove the first entry in (a(n))5Z,.) This operator is
commonly called the backward shift operator. On H?, Vg = g(—zl}(ol for all g € H?.

6) Let U : 12 — 12 be defined by U(a) = (0,a(0),a(1),...). This operator is commonly
called the forward shift operator, and on H?, Uf = zf(z).

7) Let H(U) be the set of holomorphic functions on the open unit disk, and let ¢ € H(U)
be such that the range of ¢ is contained in U. Then the composition operator on H(U)
with symbol ¢, denoted C,, is defined by C,h = h o p. That C,, is a linear operator
is easy to verify.

8) For (ax)$2, bounded, the operator M, on [2 defined by Maa — (axa(k)) is linear for
all a € I°.

9) Let H be a Hilbert space. Then the operator A, : H — C defined by Ay(f) = (f,9)
for all f € H is a linear operator.

In the list above, we have defined several operators on Hilbert spaces. Now we will
discuss some properties of these operators, and will prove some helpful theorems regarding
them. Note that example 7), the composition operator, will be analyzed extensively in the
next chapter.

Definition 1.22: An operator S from the Hilbert space X to the Hilbert space Y is
bounded if there exists a positive real number M such that, for all z € X, ||Sz| < M||z||.
In this case, we would say S is bounded by M.

Theorem 1.23: Let S: X — Y be a linear operator for Hilbert spaces X and Y. Then
the following are equivalent:

10



1) S is continuous.
2) S is continuous at zero.
3) S is bounded.

Proof: Clearly 1) implies 2). Assume S is continuous at zero. Then there exists § > 0
such that || f|| < é implies ||Sf|| < 1. Thus, for any nonzero g € X, we have

2gll g 8 2
Sgll = 218(=—9)I| < Z]lgll,
ISl = =FHIS(Gr ol < 3l

and thus S is bounded.
Now assume S is bounded by M. Let € > 0. Then, for f;, fo € X such that || f; — f2|| <
TR
|Sf1 = Shll =IS(f1 = f)ll
< M||f1 - fal

—r 6,
and S is continuous.

Definition 1.24: The norm of a bounded linear operator S : X — Y, denoted by ||S||, is
given by ||S]| = sup{ﬂl‘l—s;—ff-lIl :z € X\ {0}}.

Note that ||.S|| =min{M : ||Sz|| < M||z|| for all £ € X}; in particular, ||Sz| < ||S]l||z||
for all z € X. Also notice ||S|| = sup{||Sz| : ||z|]| = 1}

The notation for the operator norm and the norm of an element of a Hilbert space
are the same, and should not be confused. The meaning of the norm notation should be
clear from the context. Thus, the norms of the operators in examples 1.21 5) and 6) are
1, and the norm of the operator in 8) is sup{|ax|: k € 0,1,2,3,...}.

Proposition 1.25: Suppose T and S are bounded linear operators on a Hilbert space H.
Then T'S is a bounded linear operator, and |T'S|| < ||T||||S]I-

Proof: First, we observe that T'S(af + B9) = T(aSf + fSg) = oTSf + BTSg, and

thus T'S is linear. By definition, ||T'S|| = sup 1rssl feH f 0}. From the
111l

definition of norm, we see |TSf|| < |IT||[ISfIl < ITHIS]|f]l, and thus LT <751,
and |[T'S|| < [|IT|||IS]|-

The following proposition identifies the norm of the operator in example 9) above.

Proposition 1.26: The operator norm of A4, as defined by Ay(f) = (f,g) forall f € H
is lgll-

11



Proof: For g = 0, ||Ag|]| = |lgll = 0. Suppose g # 0. Let B = gzl ||f|| : f # 0}. Then
||Agl| = sup B. By the Cauchy-Schwarz inequality,

(.9 _ Illoll _ .

(1|
Thus ||g|| is an upper bound of B, and ||g|| > ||A,]|- Now use the fact that f can take on
any non-zero value in H (in particular g), and K“if—f—lu =S H—g—H = |lg||- Thus, ||g|| € B, and

[Aqll = llgll-

Definition 1.27: A bounded linear functional on a Hilbert space H is a bounded, linear
operator from H to the complex plane.

In Example 1.21 number 9), we presented for any Hilbert space a class of bounded
linear functionals. Now we show that all bounded linear functionals on any given Hilbert
space belong to that class.

Theorem 1.28 (The Riesz Representation Theorem): Let H be a Hilbert space,
and S a bounded linear functional with domain H. Then there exists a unique g € H such
that for any f € H, S can be represented in the following form:

Proof: Let K =ker S (={f € H: Sf =0}). As S is continuous, K is a closed subspace
of H. If K = H, then Sf = (f,0), and we are done. For K # H, there exists h € H such
that ||| = 1 and h is orthogonal to all k E K (i.e. (h,k) =0) by Theorem 1.12. Then, as
h ¢ K, Sh # 0. Now, for f € H, (f — ( £)h) € K, as S(f — (%,é)h) = 0. Therefore, since
h is orthogonal to K,

Sf

0=({f-3

=<f$h)_§7;

or, for all f € H, Sf = (f,Shh) and thus, Sf = (f, g), for g = Shh.
Now we shall prove that this g is unique. If (f,91) = (f,g2) for all f € H, then for

f = g1 — g2, subtracting gives (g1 — g2,91 — g2) = 0, and g; = gs.
Thus, Sf = (f,g), for unique g € H.

<7 h)

For the remainder of this paper, we will be concerned with bounded linear operators
on Hilbert spaces (focusing primarily composition operators). Any such operator T has a
natural “companion”, or “dual” operator T*, called the adjoint of T. The existence of this
dual operator is established in following theorem.

Theorem 1.29: For any bounded linear operator T on a Hilbert space H there exists a
unique bounded linear operator S such that for any f,g € H (T'f,g) = (f, Sg).

12



Proof: For a fixed g in a Hilbert space H, let ¢ be defined by ¢(f) = (T'f,g) for f € H.
It is easy to show that ¢ is a bounded linear functional on H, and hence there exists by
the Riesz representation theorem a unique h € H such that ¢(f) = (f,h) for all f € H.
Let Sg = h.

By definition of S, (T'f,g) = (f,Sg) for f,g € H. It is easy to verify that S is linear.
Setting f = Sg we obtain:

ISgll* = [{Sg, S9)| = KT'Sg, 9)| < ITISgllllgll

for g € H. Thus ||S|| < ||T||, and S is a bounded operator on H.

To show that S is unique, suppose S; is another operator such that (f, S1g) = (T'f, g)
for f,g € H. Then (f,Sg — S1g) = 0 for f € H, and setting f = Sg — S1g we see that
Sg— S1g =0. Hence S = S; and the proof is complete.

Definition 1.30: For an operator T on a Hilbert space H, the adjoint of T, denoted T™
is the unique operator on H such that for f,g € H, (T'f,g) = (f,T*9g).

The reader may verify that the adjoint of matrix multiplication is multiplication by
the transpose.

Proposition 1.31: For U the forward shift operator and V the backward shift operator
on the Hardy space H2, U* = V.

Proof: Let f,g € H?. Then

(f,Ug) = (Uf,g)

= Zf gk +1)
Hence, (f,U*g — Vg) =0 for all f, which implies U*g = Vg.

Proposition 1.32: For a bounded linear operator S on a Hilbert space H, ||S| =
sup{|[(Sf,9)| : l7]l = llgll = 1}-

Proof: Let f and g be such that ||f|| = |lg]l =1, and let {|{Sf,a)|: |f]l=llgll =1} =L

We have
(SF, | < 1ISflllgll
=Sl
< ISIHA
=I5,

and thus ||S|| > sup L. Also, given h € H such that ||| = 1, (Sh, ||Sh||) = ||Sh||, and sup
L > sup{||Sh|| : ||h|| = 1} = ||S||, and the proposition is proven.

13



Proposition 1.33: For T a bounded linear functional on a Hilbert space H, ||T|| = ||T*||-

Proof: Observe that for f and g in H, |[(f,T*g)| = (T'f,9)| = |{(g,Tf)|, and thus ||T|| =
||I7*|| by the proposition above.

Lemma 1.34: Suppose that T is a bounded linear operator on a Hilbert space H, and
|[I —T|| < 1. Then T is invertible, and

1
gl | B . S——
0 =

Proof: If we set n = ||I —T|| < 1, then for N > M, we have

M N

N
I I-or =Y -1 =1 Y, -7
n=0 n=0 n=M+1
N

< > -7

n=M+1

N
- >
n=M+1
M+1
<"7

-— 1_”)3

and the sequence of partial sums {Eﬁ;o(I —T)"}%=o is Cauchy. If S =Y > (I —T)",
then

TS =[I-(I-T) (i([ - T)")

n=0

N

= Jim (Ir- -0 -1y7)
n=0

= lim [I— (1 -T)"*]

=1,

since limy o0 ||(I = T)N+!|| = 0. Similarly, TS = I, so that T is invertible, with 7-! = .
Further,

1

N N
= 1 — M"M< N - L ———
151 = Jim |2 (I =T)" < lim > W =TI" = y—7—r-

n=0 n=0

Definition 1.35: For an operator S : H — H, where H is a Hilbert space, the spectrum
of S, denoted o (S), is defined by 0(S) = {a € C: S — al is not invertible in H}.

14



The reader should observe that the set of eigenvalues of a linear operator is a subset
of its spectrum. We will now examine some examples of spectra of linear operators.

Examples 1.36:
1) For T : R® - R3 defined by multiplication by a 3 x 3 matrix, o(T') is the set of
eigenvalues of T'.
2) For U : H> — H? the forward shift operator, o(U) = {\ € C : |A\| < 1}. This is
proven below.

3) For V : H> — H? the backward shift operator, o(V) = {\ € C : |A\] < 1}. This
follows easily from 1) above, and the fact that o(T') = o(T*), where the bar denotes
the complex conjugate of all the elements of the set (the proof of which is left to the
interested reader).

We will show below that spectra of operators on infinite dimensional Hilbert spaces
consist of more than just eigenvalues. First we will prove some more general properties of
the spectrum.

Theorem 1.37: For an operator S : H — H where H is a Hilbert space, o(S) is closed
and bounded.

Proof: Let A € C\ o(S), so that S — AI is invertible. We will show B = {a : |a — A| <
”(S—iI)—_H’ } cC \ O'(S) is open. Let a € B. Then

IS = AD)H(S = aI) — I|| = |(S = AD)~}(S — oI — (§ — AD))|
<18 = MII7HIO = )|
<A =efllS = A1)~
%% L
Thus, (S — AI)~!(S — al) is invertible, and therefore S — oI is invertible, and C \ o(S) is

open.
For boundedness, we will show o(S) C {z € C: |z| < ||S||}. If [A\] > ||S]|, then

ISl _ Sy _ S

so that I — -:% is invertible by the above lemma. Therefore, A € C\ o(S) (as S — A\ =
A1 - %)), and o(S) is bounded.

The following theorem is proved in Banach Algebra Techniques in Operator Theory
by R. G. Douglas [3, 2.29].

Theorem 1.38: For an operator S : H — H where H is a Hilbert space, ¢(S) is non-
empty.

15



Thus, by the preceding theorems, o(S) is a non-empty, compact subset of C.

Definition 1.39: The spectral radius of an operator T on a Hilbert space H, denoted
7(T), is a real number equal to sup{|\| : A € o(T)}.

Observe that as a corollary of the preceeding definition and theorem, r(T') < ||T|.

Proposition 1.40: For U : H? — H? the forward shift operator, o(U) = {A € C: |A| <

1}.

Proof: First, we will show U — AT is not surjective for A € U. For 1 to be in the range of
U-),g(z) = ;i—,\ must be in H?, which it is not, as it is not analytic on the disk. Thus,
U — A is not onto, and A € U is in the spectrum of U. As the spectrum is closed, all A
such that |A] < 1 must be in o(U). Note that A € C such that |A\| > 1 cannot be in the
spectrum, because ||U|| = 1, and »(U) < ||U||.

We remark that U has no eigenvalues. Suppose A is an eigenvalue of U. Then
(Uf)(z) = Af(2)

for some f # 0 in H?. Hence,
f(z)(z=2) =0,

so that f(z) = 0, except at ‘A\. This is a contradiction, because f must be continuous (it
is, after all analytic).
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Chapter Two: Composition Operators

In this chapter, we will discuss composition operators on the Hardy space, focusing
primarily on the computation of norms of these operators.

Section One: Introduction

In this section, we will introduce some basic facts about composition operators, and
begin our analysis of bounds on the norms of these operators. We will begin by discussing
possible forms of compostion operators.

Proposition 2.1: Let ¢ : U — U be analytic. Then f o ¢ € H(U).
Proof: Chain rule.

Thus, for ¢ : U — U analytic, the operator C, on H(U) defined by C,f = foyp
maps H(U) into H(U). Recall that C,, is the compostion operator on #(U) with symbol
®.

Examples 2.2: The following are several examples of functions from the disk into a subset
of the disk. Thus, any of these functions could be the symbol of a composition operator.

1) ¢(z) = a for € U.

2

)
) ¢(z) = az for a € U.
3) Any polynomial in U which takes the unit disk into itself, e.g. ¢(2) = izz + %z.
)
)

4) Linear fractional functions of the form L for pe U.

1-

5) Let f € ’H( ) be bounded and non-constant. Then for M = sup{|f(z)| : z € C},
p(z) = 1z i5 5 symbol of a compostion operator.

Definition 2.3: A bounded linear operator T is said to be a contraction if for each
f € H(U), ITf|| < |If|l- Note this is equivalent to ||T|| < 1.

The following theorem shows that the Hardy space H?, a subset of H(U), is preserved
under C,. The proof presented here is an adaptation of that which appears in Composition

Operators and Classical Function Theory by Joel H. Shapiro [4, Section 1.3].

Theorem 2.4 (Littlewood’s Theorem): Suppose ¢ € H(U) has range contained in U
and satisfies ¢(0) = 0. Then C,(H?) C H?. Moreover, for each f € H2, ||f o ¢| < || f]I-

Proof: Let V : H? — H? (the backward shift operator) be such that for f in H?,
Vf(z) = X or, f(n+1)2". Note that f(z) = f(0) + zV f(z). and V*f(0) = f(n). Now

17



suppose f is a polynomial. Then f o ¢ is bounded on U, so that fop € H 2, Now,
f(e(2)) = 1(0) + ¢(2)(V )(0(2))

or,
Cof = £(0) + MyC,V 1,

for M, the multiplication operator (that is multiplication by ¢). As ¢(0) = 0, all terms
of the power series for ¢ have a factor of 2z, and therefore M,C,V f is orthogonal in H -
to f(0). Thus,

ICo £l = 1£(0)1* + 1M, CV £

<1FO)P +ICV fII%.

This is true because M,, is contractive on H? (which can be readily proven using the
integral definition of norm). Now substitute V f,V2f, V3§, ... for f in the above equations,
and

IC,VI? < I(VAO)? + IC,V2FII?
ICV2FI2 < I(VEA)O)F + IC, V2 £II?

ICe V"fll2 <V +IC V™ 1|
Adding these together gives

ICFI? < D IVENOF + IC, V™ 2.
k=0
As f is a polynomial, allow n be the degree of f, so that V**1f = 0. Then

ICLFI? < D I(VE£)(0)

k=0

= Z |f (k)2

= IIJ'II2

Thus, C, is an H 2_norm contraction when restricted to the set of polynomials in z.

Now suppose f is not a polynomial. Let f, be the nt® partial sum of its Taylor series.
Then f, — f, and ||fa|| < ||f]l- Let m and n be positive integers. Then f, — f,, is a
polynomial, and thus ||(fn — fm) 0 @|| < ||fn = fml|- Thus (f» o ¢) is a Cauchy sequence,
and therefore converges to some g € H2. Because f, converges in H?, and hence pointwise
on the unit disk U, we see that g = f o . Thus, C,, preserves H2. Now, as fobop = fop

and || fn o @ll < [Ifall, If 0 @ll < II£II-

Having proved a composition operator with symbol that vanishes at zero preserves
H?, we will now prove that an arbitrary C, preserves H 2, To do this, we will express a

18



given Cy, as CyC,,, where ¥(0) = 0 and a, is a special automorphism on the disk, as
defined below.

Definition 2.5: Given p € U, the special automorphism from U — U , denoted ayp, is
defined by a,(2) =

Note the special automorphism interchanges p with 0 (that is a,(0) = p and o, (p) =

0), and ap = aj .

Lemma 2.6: For all p € U, C,, maps H? to H2, moreover Cy, is bounded on H? and
14
Cesll < /22T

Proof: Suppose f is holomorphic in a closed neighborhood of the closed unit disk, RU
for R > 1. Then ||f||? = & 02" |f(€*)|?df by theorem 1.14. Using a change of variable,
we see

1 21( 1'
If oapl®= 5= | If(ap(e®)ds

1 2 it |2 it

= [ 1) lapie®)at
1 [ g2 1= Ipf?

= — Y ————dt
27 £ ()] |1 — pet|?
1= |P|2 1 /21r it (2

< S - e**)|“dt
1 + lpl

— 2

Thus ||Ca, || < 1/ 1Y

Theorem 2.7: If ¢ : U = U is analytic, then C, : H> — H?, and

1+ |¢(0)|
Coll £ 4| ——=-
el <\ T 10y
Proof: Note that for p = ¢(0) and 9 = o, 0 ¢, 9 goes from U to U and fixes 0. By the
self-inverse property of a,, ¢ = a, 09, or C, = CyC,,. We have already shown that
Cy is a bounded contraction, and the product of two bounded operators is bounded by

proposition 1.25. Using the just proven lemma, we see ||C,|| < ||Cy||[|Ca, || < %‘:(Tg%'

Thus C, is a bounded linear operator on H*. 2, Hence, there exists another bounded
linear operator Cg such that (C,f,g) = (f,C,g) for all f,g € H. 2. In general, determin-
ing the image of a H? function under Cg is difficult. However, it is less difficult for a
reproducing kernel in H?2.
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Propostion 2.8: For Cy, and kq as above, Cokq = ky(q).

Proof: (f, C:,ka> = (C(pf)(a) = f(‘P(a)) = (fv ksp(a))'

Thus, C, maps the set of Hardy space reproducing kernels into itself. Adjoint com-
postion operators are the only bounded linear operators on H? that have this property.

Theorem 2.9: Suppose T : H> — H? is a bounded linear operator, and given any a € U,
there exists § € U such that Tk, = kg. Then T* = C,, for some ¢ € H(U) taking U into
itself.

Proof: Define ¢ : U — C by ¢(a) = (T*z,k,). Note p € H(U) (p(a) = (T*z)(a)). Let
a9 € U be arbitrary. We have
‘p(aﬂ) = (T*Z, kao)
= (2, Thy,)

= (z7 kﬁo)
=1303

for some [y € U, by hypothesis. Thus, ¢(ag) = By € U, and we see that ¢ is an analytic
self-map of U.

Now we must show C, = T*. Let f € H? be arbitrary, and suppose a € U. We have
seen that Tk = ky(a). Now, ((Cp —T*)f, ko) = (f,(Cg — T)ka) = (f, kp(a) — Tka) = 0,
and thus (C, —T*f)(a) = 0, and as «a is arbitrary, (C, — T*f) =0

We have already proven that ||T*| = ||T’|| for all bounded linear operators, and thus
we can readily assert ||Cg|| = ||Cy,l. We will use this fact in the following section to
establish a lower bound on the norms of compostion operators.

We will conclude this section with a brief discussion of the spectrum of compostition
operators. Much research has been done in this area. For example, the following is known.
Suppose ¢ € H(U) is such that ¢(U) is contained in some polygon contained in U. Then
there is a point a € U such that ¢(a) = a and ¢(C,) = {0} U {¢/'(a)” : n =0,1,2,...}.
However, the proof of this result is beyond the scope of this paper. It is easy to establish
a special case of this, as we will show below.

Propostion 2.10: For ¢(z) = Az, where |A\| < 1, 0(C,) = {A\":n=0,1,2,...}.

Proof: For ¢ as above and f = 2", C,f = (A)"f. Thus, A\" is an eigenvalue of C,,
with eigenvector f. This works for all n > 0, and thus 0 is also in the spectrum , as the
spectrum must be closed. To show that this is the entire spectrum, let us look at C, — al
for a ¢ {A\" :n=0,1,2,..}. C, — al is invertible, with inverse T': H?> — H? defined as
Tf(2) = Toto At

n=0 A"—qa
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Section Two: Norms of Composition Operators

In the last section we analyzed some general properties of composition operators. In
this section we shall look at some more specific properties of their norms and adjoints.

Theorem 2.11: For ¢ : U = U analytic, and C,, thus from H? to H?,

1 1+ |(0)]
V=R =< Il =<\Top@r

Proof: We have already seen the proof of the second inequality (Theorem 2.7). For
the first, we will look at how C; operates on the reproducing kernel ko. Recall that

[Coll = IC; ]|, from an earlier proof. Then ||Cy|| > ||C1|, as [|C]| is a sup. Now,
IC1ll = lICkoll
= [[kp(o) l

= 1/ (Rp(0) Ko (0))
1
B (1 = |<p(0)|2> '

For general symbols ¢, these are the best estimates possible, as we will show below.

Lemma 2.12: For the special automorphism a, on the disk,

(1= [p2)(1 ~ |2)

1— IaP(z)I2 = Il _p-zlg

Proof:
L= lop(2)f =1~ |y =P

= Tt - —lp =)

-1

T —paP?

1

= ll—_ﬁjlg(l + [p?|2 = |pf* + 121*)
1

= m(l —pI*)( = |2/%).

(1-pz)(1 -pz) - (p—2)(P - 2))
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Proposition 2.13: For o, as defined above, ||C,, || = ,/i—t%l,

Proof: We have already seen in the previous section that ||C,, || < i—i‘[ﬂ. We shall begin
ICap ksl

by looking at e for g € U.
1c [ 1Cabsll
’ [I%sll
_ Nk,
ksl
_ ( 1- B2 )%
1 =|ep(B)2
1-1BJ?
—1p12)(1—18]2
1-pB|

_ [1=PBP
1—1|p|2”’

and, as # — T2, this becomes ,/i—t{%.

|

Proposition 2.14: The lower bound estimate is the best possible.

Proof: Let ¢ € H? be defined by ¢(z) = p for some p € U. Then for f # 0 in H?,

ICo 1l _ 17®)]
A1l A1l
_ [{fs kp)
I/
< LAkl
= Al
= “kp”

B 1
1—|p*

Thus ||Cy|| < Ml——}ﬂ"' = ,/m‘:(—o)p, and, as ‘/m;(w; is also a lower bound on ||Cy||, it

must be the norm.

If we restrict our attention to certain classes of symbols, we can get better estimates,
as we shall examine in the next section.
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Section Three: Norm Calculations

Recall that in the previous sections we established, by proving ||Cy|| = |[|Cy|| and

ICokoll = .\/TT)I” that ||Cy|| > ‘/W Generally, we have ||C,| > sup{HC*k I},

where kq is the nomalized reproducing kernel at a (that is ||k|| = 1). Thus,

L-lof
||c¢112sup{ Lok eU}

1—-1r2
= —_———:0< 1,0<6<2
sup {\/1 T o(re @) :0<r< < ﬂ}

In this section, we will use these results to establish a better lower bound for the norm of
a certain class of composition operators.

We shall begin by defining a class of function which we will work with throughout this
section.

Definition 2.15: Let a,b,c,d € C, with d # 0. A linear-fractional transformation (fre-
quently written LFT) ¢ : C — C is a function of the form ¥(z) = ;;"—db

In general, the calculation of norms of composition operators can be very complicated,
and yield results that are not easy to interpret or work with. The following theorem will
illustrate this by displaying the norm of a very simple class of compostion operators (see
[2, theorem 3]).

Theorem 2.16: Let ¢(z) = sz + t, where s,t € C, and |s| + |t| < 1. Then

IC, |l = 2
NI R - [t + /A= F T P — 4R

Due to the difficulties in determining the norms of composition operators, we shall
attempt the easier task of improving the lower bound for the norm of composition op-
erators with linear-fractional symbol of the form First we will prove the following
proposition, in order to facilitate this analysis.

_b
cz+4d*

Proposition 2.17: A non-constant linear-fractional transformation of the form (z) =
c—zi—d is an analytic self-map of U if and only if |b| + |c| < |d].

Proof: Note that in general, b and ¢ cannot be equal to zero, because if they were, then
3 would be a constant function (with value 0 or 3).

We shall first prove that if ¥(z) = cz‘_’*_ - is an analytic self map of U then |b| +|c| < |d].
As 1 is analytic, z = cz + d has no zeros over U, and therefore |c| < |d|. or ||d]| — |¢|| =
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|d| — |¢|]- By definition of self-map, |y(z)| = |cz+d| < 1 for all z € U. Note that the
continuity of z = |cz + d| gives that |b] < |cz + d| for all z in the closed unit disk. Thus,

for z = ——r&-’{i‘ on the unit circle,

lb] < |ez +d|
_ je=ldd
ldle
eld
— y |
|d|

d

= ||d| = ||| =

i) = el
= 1d| - Ie]

+ d|

= |d

Thus, |d| > |c| + |b]-

Now assume that |b| + |¢|] < |d|. Then 9(z) = ﬁ is analytic over U because
z — cz + d has no zeros for z € U, as |¢| < |d| (recall b # 0 because 9 is nonconstant).
Now, for z = re*® where r < 1,

b _ bl
|cz+d| ez + d
|o|
- ||d| lelr]
o
[ = Tel
|d] — |¢]
= |d] = |
=1.

The second (strict) inequality is true because ¢ # 0. Therefore, ¥(z) is an analytic self-map
of U.

We will now examine the bounds on ||Cy|| where ¢( ) =

= + - is an analytic self-map

of U. We will do this by ﬁndlng the supremum of W over 7 and §. We will now

proceed by looking at W’ and establishing a maximum over 6 for fixed r. For
p(2) = 27 and 2 = re',

1 1

1-— |¢(Tei0)|2 - 1-— Icrc‘b +d|2 R

We must therefore minimize |cre* + d| over 6.
lere®® +d| 2 ||d] = |elr| = |d] = rlc],
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with the last equality proven in the preceding proposition. This is a minimum because for
g such that 6 + arg(c) = arg(d) + 7, |cre*® + d| will be minimized, and will equal |d| — |c|.

The fraction thus becomes :

1~ e

and the lower bound on the norm is thus

(1 —r2)(ld| — |¢|r)?
(Id| — |elr)? — [bf>

(2.18) sup{ :0<r<1}.

Note then that to get a lower bound of the norm of |C,||, we must compute the
supremum over r of the fraction within the radical in the expression above. Using the
basic methods of calculus, this is equivalent to finding the zeros of the fraction below,
which is the derivative of the fraction in the radical above,

2(|d] — lelr)(Icllbl? + |d]|blr — |d]°r — 2]e|[b]*r? + 3|cl|d]*r? — 3|d]|c[*r® + |c[r*)
(6] — |d]? + 2[e]|d|r — |c[>r2)2.

This is the same as finding the zeros of g(r) = |c||b|?+|d||b]?r—|d[>r—2|c||b|?r%+3|c||d|?*r2 -
3|d||c|*r® + |¢[>r* for 0 < r < 1. This can be done using Ferrari’s formula, however the
result is too long and complicated to be of any use. We will therefore look at supremums
for specific values of b, ¢, and d.

Examples 2.19: Let p(re*’) = —f—.

1) Using formula 2.18, we see that when b = 2, ¢ = —1, and d = 3,

Ic, n>\/(1 —

7'4-+~6r3—87'2 6r+9
—6r+5

To find the bound, we must determine the maxima of this last term, which, using the
basic methods of calculus, becomes a problem of finding the zeros of 12—25r+1072 —7r3.

These are 3, 7+5/§§ , and 7‘555 . Clearly 1 < 3, 7—1'42@ Thus, the maximum we seek is
atr = %@, where the value of the bound is %9@, or approximately 1/2.095.

Note we know this critical pomt yields the supremum because at 7 = 0, the derivative
1-r2)(3—r

of i(T%%T—L is positive (2 ) whereas at r = 1, the derivative is negatxve (—1). Note

that this value of v/2.095 is larger than the estimate given by ||C,|| > m, which

yields \/g = 1/1.800.
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2) Again, using formula 2.18, we see that for b=2, c=4+ 37, and d = 7,

(1 =72)(7—57)2
||c¢nz\/ o

Finding a maximum of this over r using calculus requires finding the zeros of 28 —

4057 + 45072 — 12573, which are r = %, P = 1—1"?01@, and r = qul@. Once again,

only 0 < L_ﬁ)l@ < 1, and thus the maximum is at approximately r = .0753, where
the value of the bound is approximately 1/1.094. Note that the value of the derivative

of l(Ter';_zi:L at zero is 1%65, and the value of the derivative at 1 is —%, and thus

we know the critical point at 7 = .0753 is the supremum. The estimate for the bound
of this operator using the method of the last section is 4/1.088. Thus we see that this
bound is not always a great improvement over the original bound estimate, but in
some cases is a significant improvement.

We will now present a proof that the above estimate is always better than the bound
established in the last section.

Theorem: Let b, c, d be non-zero elements in U be such that |d| > |b|+|c|. For ¢ : U - U

defined by ¢(z) = cz+d,

(1= r2)(d] = |elr)? |
\/1—1¢ |2<sup{\/(ldl—lclr)2—lb|2 'OS"“}'

Proof: For any 1 of this form, |1(0)[> = |42, and thus,

1 _ |dI?
1= [O) —  ld|* - [b[*’

We will now analyze sup{ &ﬂ;f}ﬂﬂ;ﬁgf :0 < r < 1}. We will proceed by looking

1—r d|—|c|r 1—7r d|—|c|r)? d|?
at the values of L(Idl mrgz I ILI; near r = 0. At r =0, ((IdIJlilrgz 1|L|% |d||2 IIbP’ which
21b|°|c||d

is equal to the estimate from the previous chapter. The derivative at » = 0 is mleL_IELPL)Ig,

which is positive, and thus the function is increasing in some neighborhood of r = 0,
from the contmulty of the derivative. Thus, there exists ¢ > 0 such that for r = ¢,

2
%ﬂ% '—I-}—Lmy, and hence the theorem is proven, as there exists an element of

{((llzl’_}gf}z_'j{fll : 0 <7 < 1} which is greater than ml—_lmq, and therefore the supremum
is greater as well.
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